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A long story short...
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Context
Baseline scenario: y1, . . . , yn œ Cp (or Rp) i.i.d. with E[y1] = 0, E[y1y

ú
1 ] = Cp:

I If y1 ≥ N (0, Cp), ML estimator for Cp is the sample covariance matrix (SCM)

Ĉp = 1
n

YpY
ú

p = 1
n

nÿ

i=1

yiy
ú
i

(Yp = [y1, . . . , yn] œ Cp◊n).
I If n æ Œ, then, strong law of large numbers

Ĉp

a.s.
≠æ Cp.

or equivalently, in spectral norm
..Ĉp ≠ Cp

.. a.s.
≠æ 0.

Random Matrix Regime
I No longer valid if p, n æ Œ with p/n æ c œ (0, Œ),

..Ĉp ≠ Cp

.. ”æ 0.

I For practical p, n with p ƒ n, leads to dramatically wrong conclusions
I Even for p = n/100.
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Ĉp

a.s.
≠æ Cp.

or equivalently, in spectral norm
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..Ĉp ≠ Cp

.. ”æ 0.

I For practical p, n with p ƒ n, leads to dramatically wrong conclusions
I Even for p = n/100.

6 / 65



Basics of Random Matrix Theory/Motivation: Large Sample Covariance Matrices 7/65

The Large Dimensional Fallacies

Setting: yi œ Rp i.i.d., y1 ≥ CN (0, Ip)

I assume p = p(n) such that p/n æ c > 1
I then, joint point-wise convergence

max
1Æi,jÆp

---
#
Ĉp ≠ Ip

$
ij

--- = max
1Æi,jÆp

--- 1
n

Yj,·Y
T

i,·¸ ˚˙ ˝
vectors of N (0, 1) entries

≠”ij

--- a.s.
≠æ 0.

I however, eigenvalue mismatch

0 = ⁄1(Ĉp) = . . . = ⁄p≠n(Ĉp) Æ ⁄p≠n+1(Ĉp) Æ . . . Æ ⁄p(Ĉp)
1 = ⁄1(Ip) = . . . = ⁄p≠n(Ip) = ⁄p≠n+1(Ĉp) = . . . = ⁄p(Ip)

∆ no convergence in spectral norm.
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1 = ⁄1(Ip) = . . . = ⁄p≠n(Ip) = ⁄p≠n+1(Ĉp) = . . . = ⁄p(Ip)
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1 = ⁄1(Ip) = . . . = ⁄p≠n(Ip) = ⁄p≠n+1(Ĉp) = . . . = ⁄p(Ip)
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The Marc̆enko–Pastur law
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Figure: Histogram of the eigenvalues of Ĉp for c = 1/4, Cp = Ip.
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The Marc̆enko–Pastur law
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The Marc̆enko–Pastur law
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8 / 65



Basics of Random Matrix Theory/Motivation: Large Sample Covariance Matrices 8/65

The Marc̆enko–Pastur law

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

Eigenvalues of Ĉp
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The Marc̆enko–Pastur law

Definition (Empirical Spectral Density)
Empirical spectral density (e.s.d.) µp of Hermitian matrix Ap œ Cp◊p is

µp = 1
p

pÿ

i=1

”⁄i(Ap).

Theorem (Marc̆enko–Pastur Law [Marc̆enko,Pastur’67])
Xp œ Cp◊n with i.i.d. zero mean, unit variance entries.

As p, n æ Œ with p/n æ c œ (0, Œ), e.s.d. µp of
1
n

XpX
ú
p satisfies

µp

a.s.
≠æ µc

weakly, where

I µc({0}) = max{0, 1 ≠ c
≠1

}

I on (0, Œ), µc has continuous density fc supported on [(1 ≠
Ô

c)2
, (1 + Ô

c)2]

fc(x) = 1
2ficx


(x ≠ (1 ≠

Ô
c)2)((1 +

Ô
c)2 ≠ x).
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Spiked Models
Small rank perturbation: Cp = Ip + P , P of low rank.
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0.8

1
p/n = 1/4 (p = 500)

Figure: Eigenvalues of 1
n YpY T

p , eig(Cp) = {1, . . . , 1¸ ˚˙ ˝
p≠4

, 2, 3, 4, 5}.
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])
Let Yp = C

1
2

p Xp, with

I Xp with i.i.d. zero mean, unit variance, E[|Xp|
4
ij

] < Œ.

I Cp = Ip + P , P = U�U
ú, where, for K fixed,

� = diag (Ê1, . . . , ÊK) œ RK◊K
, with Ê1 Ø . . . Ø ÊK > 0.

Then, as p, n æ Œ, p/n æ c œ (0, Œ), denoting ⁄m = ⁄m( 1
n

YpY
ú

p ) (⁄m > ⁄m+1),

⁄m

a.s.
≠æ

;
1 + Êm + c

1+Êm
Êm

> (1 + Ô
c)2

, Êm >
Ô

c

(1 + Ô
c)2

, Êm œ (0,
Ô

c].
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Spiked Models

Theorem (Eigenvectors [Paul’07])
Let Yp = C

1
2

p Xp, with

I Xp with i.i.d. zero mean, unit variance, E[|Xp|
4
ij

] < Œ.

I Cp = Ip + P , P = U�U
ú =

q
K

i=1 Êiuiu
ú
i
, Ê1 > . . . > ÊM > 0.

Then, as p, n æ Œ, p/n æ c œ (0, Œ), for a, b œ Cp deterministic and ûi eigenvector

of ⁄i( 1
n

YpY
ú

p ),

a
ú
ûiû

ú
i
b ≠

1 ≠ cÊ
≠2
i

1 + cÊ
≠1
i

a
ú
uiu

ú
i
b · 1

Êi>
Ô

c

a.s.
≠æ 0

In particular,

|û
ú
i
ui|

2 a.s.
≠æ

1 ≠ cÊ
≠2
i

1 + cÊ
≠1
i

· 1
Êi>

Ô
c
.
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Spiked Models

0 Ô
c 1 2 3 4

0

0.2

0.4

0.6

0.8

1

Population spike Ê1

|û
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Figure: Simulated versus limiting |ûT
1u1|2 for Yp = C

1
2

p Xp, Cp = Ip + Ê1u1uT
1 , p/n = 1/3,

varying Ê1.
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|û
T 1

u
1

|2

p = 100
p = 200

Figure: Simulated versus limiting |ûT
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Other Spiked Models

Similar results for multiple matrix models with E[Xij ] = 0 and P low rank:

I K = 1
n

(I + P ) 1
2 XpX

ú
p (I + P ) 1

2

I K = 1
n

XpX
ú
p + P

I K = 1
n

X
ú
p (I + P )X

I K = 1
n

(Xp + P )ú(Xp + P )
I etc.
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Takeaway Message 1

“RMT Explains Why Machine Learning Intuitions
Collapse in Large Dimensions”
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