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(a subset of) System identification

Problem statement
I (Discrete-time SISO ARX) dynamical system:

yi = f (x i ) + εi

output at time i = function of

x i︷ ︸︸ ︷
[yi−1, . . . , yi−na︸ ︷︷ ︸

past outputs

, ui︸︷︷︸
input

, . . . , ui−nb︸ ︷︷ ︸
past inputs

]T + εi︸︷︷︸
noise

I Given a sequence of input–output data ((ui , yi ))1≤i≤n0
, estimate f

Literature
I Has focused on linear systems for many years
I Mostly based on estimation theory

I parametric models
I asymptotic results
I with assumptions on the true system and the noise εi

I Aims at taking into account the sequential/dynamical nature of the data
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Machine Learning

Problem statement
I Observed phenomenon:

y ≈ f (x)

label ≈ function of the input pattern

I Given a training set ((x i , yi ))1≤i≤n of examples, learn a model f that can
predict y given x

Literature
I Focuses on nonlinear models
I Mostly based on statistical learning theory

I nonparametric models
I non-asymptotic results
I distribution-free results (without assumptions on the true relationship or the

noise)

I Heavily builds on the assumption of independence of the data
(via concentration arguments)
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Machine Learning

Regression

I Random pair (X ,Y ) ∈ X × Y
with X ⊆ Rd and Y ⊆ R

I Unknown joint distribution P
I Learning:

from a realization ((x i , yi ))1≤i≤n
of n independent copies (X i ,Yi ) of (X ,Y ),
find the function f minimizing the risk

L(f ) = MSE(f ) = E(Y − f (X ))2

I Optimal target function f ∗ = argmin
f :X→Y

L(f ) is

∀x ∈ X , f ∗(x) = E[Y |X = x ]

I but cannot be computed without knowledge of P
I In practice: minimize the empirical risk estimating L(f ) over a predefined

function class F :

min
f∈F

1
n

n∑
i=1

(yi − f (x i ))2
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Hybrid system identification / Switching regression
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yi = f ∗qi
(x i ) + εi

qi ∈ [C] = {1, . . . ,C}: mode of point x i

f ∗k : smooth target model for mode k

εi : noise term

qi evolves independently of x i

Goal
I Estimate {fk}C

k=1 and {qi}n
i=1

I For hybrid systems: x i = [yi−1, . . . , yi−na , ui , . . . , ui−nb ]T

Learning problem

I Minimize over FC , the switching risk of f = (fk )1≤k≤C :

Lswitch(f ) = E min
k∈[C]

(Y − fk (X ))2

I In practice, minimize the empirical switching risk:

min
f∈FC

1
n

n∑
i=1

min
k∈[C]

(yi − fk (x i ))2
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Hybrid system identification and Machine learning

Main issues and machine learning solutions

I Optimization: nonconvex/combinatorial problem (even for linear hybrid
systems)
algorithms inspired by clustering methods [Lauer, 2013]

I Nonlinear hybrid systems: estimate unknown nonlinearities
kernel methods and nonparametric models
[Le et al., 2011, Le et al., 2013]

I Theoretical guarantees: statistical accuracy of the estimated model
risk bounds and statistical learning theory
[Lauer, 2020, Massucci et al., 2020]

I Model selection: estimating the number of modes/components
structural risk minimization principle [Massucci et al., 2020]
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Statistical learning theory [Vapnik, 1995]
Goal
I Derive statistical guarantees for models learned from data
I Risk bounds (for regression):

P

∀f ∈ F , E(Y − f (X ))2︸ ︷︷ ︸
risk/expected error

≤ 1
n

n∑
i=1

(Yi − f (X i ))2

︸ ︷︷ ︸
empirical risk/measured error

+ ε(n,F , δ)︸ ︷︷ ︸
confidence interval

 ≥ 1−δ

I Non-asymptotic: holds with a finite number of data n
I Distribution-free: no assumption on P or the optimal f required
I Uniform (∀f ∈ F ): independent of the algorithm

Using tools such as...

I Concentration inequalities
I Capacity measures of function classes

covering numbers, Rademacher complexities...

I A few other more specific tricks
symmetrization, ghost samples,...
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Risk bounds for linear and kernel regression
Empirical Rademacher complexity of F ⊂ RX

R̂Xn (F) = Eσn sup
f∈F

1
n

n∑
i=1

σi f (X i ) = Eσn sup
f∈F

1
n

〈σ1
...
σn

 ,
f (X 1)

...
f (X n)

〉

Xn = (X i )1≤i≤n: sequence of n independent copies of X ∈ X
σn = (σi )1≤i≤n: sequence of n iid. uniform r.v. in {−1,+1}

Risk bound for regression
With probability at least 1− δ (on the random draw of the (X i ,Yi )’s),

∀f ∈ F , E(Y − f̄ (X ))2 ≤ 1
n

n∑
i=1

(Yi − f̄ (X i ))2 + 4R̂Xn (F) + 3

√
log 2

δ

2n

f̄ = f with saturated output within Y = [−1/2, 1/2]

For (regularized) kernel regression [Bartlett and Mendelson, 2002]

I Reproducing kernel Hilbert space H of kernel K :
∀f ∈ H, f (x) = 〈f ,K (x , ·)〉

I Model class: F = {f ∈ H : ‖f‖ ≤ Λ}

I Rademacher complexity: R̂Xn (F) ≤ Λ
√∑n

i=1 K (X i ,X i )

n
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Risk bounds for switching regression

Setting

I Assumption: iid training sample ((X i ,Yi ))1≤i≤n

I C independent submodels: F = FC
0

I linear submodels: F0 = {f ∈ RX : f (x) = 〈w , x〉 , ‖w‖ ≤ Λ}
I kernel submodels: F0 = {f ∈ H : ‖f‖ ≤ Λ}

Theorem [Lauer, 2020]
With probability at least 1− δ, for all f ∈ F ,

Emin
k∈[C]

(Y−f̄k (X ))2 ≤ 1
n

n∑
i=1

min
k∈[C]

(Yi−f̄k (X i ))2+4
CΛ

√∑n
i=1 K (X i ,X i )

n
+3

√
log 2

δ

2n

with K (X i ,X i ) = ‖X i‖2 for linear submodels
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Risk bounds for dynamical system identification
I Data typically comes from a single trajectory (or a few)
I Sequential observations of outputs yi are not independent
I The main assumption of statistical learning is violated

Independent block sequence approach [Yu, 1994]

I For β-mixing data sequences
the dependence between two data points decreases with the time interval between them

I Consider a sequence of well-separated blocks instead of a sequence of
consecutive points
⇒ decrease the dependence between two consecutive objects

I Quantify/control the error made when performing the analysis as if the
blocks were independent
For µ blocks of length a separated by a time steps and a function F of blocks bounded by F ,

|EF (separated block sequence)− EF (independent block sequence)| ≤ (µ− 1)Fβ(a)

I Risk bound for regression with non-iid. data
[Mohri and Rostamizadeh, 2009]: With probability at least 1− δ,

∀f ∈ F , E(Y − f̄ (X ))2 ≤
1
n

n∑
i=1

(Yi − f̄ (X i ))2 + 4R̂Xµ
(F) + 3

√√√√ log 4
δ−4(µ−1)β(a)

2µ

The number of blocks µ replaces the number of data n
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Model selection for hybrid system identification
Estimating the number of modes/components C

I A major issue in hybrid system identification
I Typically done by estimating a model for all possible numbers C

Structural risk minimization principle [Vapnik, 1995]

I For each class of a sequence of model classes F1 ⊂ F2 ⊂ · · · ⊂ Fm

I Find the model within that class that minimizes the empirical risk
I Select the model that minimizes an upper bound on the risk

SRM-based algorithm [Massucci et al., 2020]
For switched linear systems:

Ĉ = argmin
C∈{1,...,Cmax}

1
n

n∑
i=1

min
k∈[C]

(yi − f̄k (x i ))2 +
4CΛ̃

√∑µ
i=1 ‖x2a(i−1)+1‖2

µ

+3

√√√√ log(Cmax K ) + log 4
δ−4Cmax K (µ−1)β(a)

2µ

Good news: the optimization of the bound wrt. C does not require the
computation/knowledge of the mixing coefficient β(a)
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A numerical example
I Switched ARX system with C = 3 modes of order na = nb = 2
I n = 4.105 data
I Gaussian noise ε, SNR= 10 dB

Empirical risk vs. C
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Conclusions

Hybrid system identification can benefit from learning theory

I For statistical guarantees
I For model selection (estimating the number of modes)

Machine learning can also benefit from hybrid system identification

I Clustering problems enjoy similar results
I Can lead to model selection methods to tune the number and

dimensions of subspaces in subspace clustering

Future work
I Estimate the mixing coefficient β(a)

I Tighter bounds for other forms of regularization [Massucci et al., 2021]
I Learning without mixing [Simchowitz et al., 2018]
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