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Relevance to this workshop

Reinforcement learning (RL): branch of Al

RL: optimal control of incompletely known dynamical systems [Sutton and
Barto, MIT Press 2017]

Numerous open questions: stability? robustness?

RL is rooted in dynamic programming

Scope of this talk

Robust stability guarantees for systems controlled by dynamic programming
assuming knowledge of the dynamics (no learning)
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Introduction
System and cost

Deterministic plant
x(k+1) = Fx(k), u(k))

where x € R", u € U(x) CR™, U(x) non-empty set of admissible inputs

Cost function

2 (x,u) = S (k). u(k)

k=0
o u=(uo,u,...)

e {(x,u) > 0: stage cost

e v € (0,1]: discount factor

Minimization problem: for any x € R”,

V3 (x) := min Jy(x, u)
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Bellman equation

Recall
V3 (x) = min Jy(x,u)

Bellman equation: for any x € R”,
Vi(x) = min[l(x,u) +yV(f(x, u))]

thus
u(x) € argumin [0(x, u) + vV (F(x, u))]

To compute uy, we need to know V
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Very short introduction to value iteration

Recall Bellman equation: given x € R",

Vix) = muin [0(x, u) + vV (F(x, u))]

Value iteration: given V2, for i € Zx

ViIt(x) = muin [ﬂ(x, u) + vV (F(x, u))] vx e R”

Convergence of V.; to V as i — oo guaranteed under some mild conditions, see
e.g., [Bertsekas, IEEE TNNLS 2017]
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Objectives

Consider a plant controlled by value iteration
e Stability properties for the closed-loop system
e Stability needs to be robust [Kellett and Teel, SIAM JCON 2005]

e Exploit stability to analyse near-optimality, i.e., mismatch between VW" and V.
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Related works

Only for v =1 see e.g., [Wei et al., IEEE TC 2016; Heydari, IEEE TNNLS
2018; etc.]

Novelties
® Discounted cost
® More general assumptions
® More general cost
® Set stability (and not only of a point)
® Robust stability guarantees

® Near-optimality analysis
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Value iteration vs MPC
Let VS =0and x € R",

Vi(x) = min [z(x, u) + Y VO(F(x, u))] = min{(x, u).
At step i = 2,

Vix) = muin [é(x, u)+ 'yV,i(f(x, u))]
= muin [e(x, u) + ~ve(f(x, u), uo)]

= min z:fykﬁ(x(k)7 uk)

ug Uy “—

At step i = d € Z~o,

VIix) = min ifykg(x(k), uk)

Ug,U1,-eylig—1

We are solving a finite-horizon discounted problem
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Finite-horizon discounted cost

Consider the system

x(k +1) f(x(k), u(k))

where x € R", u € U(x) CR™, U(x) non-empty set of admissible inputs
At iteration d, we minimize the cost function
d—1
S5 (x,u) = DA Ux(k), u(k))
k=0
Closed-loop system

x(k+1) € f(x(k),Ud(x(k)))

where UJ(x) := {uo : Jun, ..., ug VI(x) = JI(x,{uwo,...,ua})}
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Finite-horizon discounted cost

Available results in literature? No.

But
® When v =1, e.g., [Grimm et al., IEEE TAC 2005]
® When d = oo, [Postoyan et al., IEEE TAC 2017]

Similar approach but non-trivial proof techniques
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Assumptions

e Existence of optimal inputs for any d,7, i.e., V(x) exists (and is finite)

To define stability, we use o : R" — Rx>( continuous
Examples: o(x) = |x|, o(x) = |x|?, o(x) = |x| 4 for some non-empty set A

o Stabilizability, i.e., there exists @y € Ko such that for any x, v and d,

Vi (x) < @v(o(x))

e Detectability of the plant w.r.t. the stage cost: Lyapunov-based conditions
[Grimm et al, IEEE TAC 2005]
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Stability guarantees

Theorem [Uniform semiglobal practical stability]

3B € KL such that V5, A> 0, 3y* € (0,1] and d* € Z>o such that Vy € (7%, 1),
Vd > d* and Vx(0) € {z € R" : o(z) < A}, any solution to the system satisfies

o(x(k)) < max{B(c(x(0)),k),0} Vk € Z>o.

Under additional conditions
® Uniform semiglobal asymptotic stability
® Uniform global exponential stability

New bounds on v and d, which often beat those in [Grimm et al., IEEE TAC
2005] and [Postoyan et al., IEEE TAC 2017], respectively
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Robustness

Recall: closed-loop system
x(k+1)€ef (x(k),u;’(x(k)))

Stability OK, but zero robustness still possible [Grimm et al., Automatica
2004]

To avoid this [Kellett and Teel, SIAM JCON 2005]:
® f (x,U(x)) non-empty and compact for any x

® Continuous Lyapunov function, Vg here

Conditions for the continuity of fo

® Relevant in its own right
® Essential for robustness

® Important for learning (approximation by radial basis functions on a
compact)
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Relationship between V¢ and V2

Originally, for x € R",
Vi(x) = mmZ'ykK (k), u(k))
But value iteration solves, for d € Z~o,
VI(x) = min > A U(x(k), u(k))

Fundamental question in dynamic programming [Bertsekas, 2012]

Theorem
For any v € (0,1], d € Z>o and x € R”,

Vi (x) = V30| €97 %)

where v, ¢(x) — 0 as (y,d) — (1,00).
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Stabilizability and detectability help

Recall:
V6 = V3 (0| 1 vralx)

In the literature, e.g., [Munos and C. Szepesvari, J. of Machine Learning

Research 2008] ;
Vi) - Vi < oa v

Pros:
® No divergence as vy — 1

® Small error when x is close to the attractor, i.e., when o(x) is small

Important message

Classical control requirements do help for near-optimality analysis
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When should we stop iterating?

Bound on the number of iterations available but
® Not easy to compute in general

® May be conservative

In the literature, often given £ > 0 stop iterating when
V»;HI(X) - V.;’(x) <e V¥x in a compact set
Open questions:
® Stability?

® Near-optimality?

® How to select €7
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General stopping criteria

Recall
‘Vjﬂ(x) _ Vf(x)‘ <e Vx in a compact set

We propose
d d
‘V’Y+1(X)_ V’y(X)‘ < Cstop(57X) Vxe Rn,
where ¢ is a vector of tunable parameters

Examples: cstop(2,%x) = €, Gstop(£, x) = £0(X), Gstop(g, x) = min {e1,£20(x)} etc.

Contributions: under similar assumptions as before + conditions on csop
® VI stops in a finite number of iterations
® Stability guarantees

® Clear understanding of csop ON near-optimality:
VY (x) = V5 (x)| < alcson(e, %))
for some a € Koo
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Discussions

Recall: given V2, for i € Z>o

VIt (x) = min [Z(x, u) + VI (F(x, u))] Vx € R”

Hard to compute V! exactly

In practice, typically

V$+1(X) = muin [ﬁ(x, u) + nyf(f(x, u))] ~+errors Vx € a compact set
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Discussions
Recall
VI (x) = min [E(x, u) + VI (F(x, u))] +errors Vx € a compact set

Exploiting homogeneity, inspired by the notion in [Sanchez et al., IJRNC

2019]
Only solve VI equation on a given compact set — scaling of the function

elsewhere

® M. Granzotto et al., Exploiting homogeneity for the optimal control of
discrete-time systems: application to value iteration, submitted to CDC 2021

Taking explicitly into account approximation errors
® M. Granzotto et al., Finite-horizon discounted optimal control: stability and
performance, |[EEE TAC 2021
® R. Postoyan et al., Stability guarantees for nonlinear discrete-time systems
controlled by approximate value iteration, CDC 2019
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Summary and on-going works

Summary

® Stability guarantees for systems controlled by value iteration
M. Granzotto et al., Finite-horizon discounted optimal control: stability and
performance, IEEE TAC 2021

® Stopping criterion
M. Granzotto et al., When to stop value iteration: stability and
near-optimality versus computation, Proceedings of Machine Learning
Research (L4DC), 2021

On-going and future works
® Policy iteration
® Stochastic systems

® To take into account learning
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General viewpoint

Near-optimal
algorithms

Stability + robustness
Improved near-optimality bounds
Control-friendly assumptions
Tailored algorithms

27/28 Romain Postoyan - CNRS



Conclusions
[e]e]e] e}

Optimistic planning [Munos, Foundations and Trends on Machine Learning
2014]

Near-optimal control inputs for systems
x(k+1) = f(x(k),u(k))

where u lies in a finite set.
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Optimistic planning [Munos, Foundations and Trends on Machine Learning
2014]

Near-optimal control inputs for systems
x(k+1) = f(x(k),u(k)) = fuw(x(k))

where u lies in a finite set.
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Optimistic planning [Munos, Foundations and Trends on Machine Learning
2014]

Near-optimal control inputs for systems

x(k+1) = f(x(k),u(k)) = fur(x(k))

where u lies in a finite set.

Revisit the algorithm to be applicable for the control of nonlinear switched
systems

® maximization of discounted bounded cost — minimization of undiscounted
costs

® robust stability guarantees
® stronger near-optimality bounds
® stopping criteria to mitigate computation cost issues

M. Granzotto et al., Stable near-optimal control of nonlinear switched
discrete-time systems: an optimistic planning-based approach, IEEE TAC 2022
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Perturbed closed-loop system

Let p: R" — R> be continuous,
xt e {veR":ve{n}t+pn)B, ne F(x+p(x)B)}

where
® F(x) = f (x,US(x)) (nominal closed-loop system)
® 3 closed unit ball of R"
® p(x) > 0 when o(x) #0.
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