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|. INTRODUCTION

STATE OF THE ART
NAVIGATION SOLUTIONS

PROJECTILE
m) GNSS/INS INTEGRATION

GROUND VEHICLE: inertial navigation solution

m) DEAD RECKONING

Discrepancy in estimates due to accumulations of sensor errors

m) KALMAN FILTER
EXTENDED KALMAN FILTERS

Filter convergence not guaranteed

Alicia ROUX CNN networks for state estimation: application to the estimation of projectile trajectory with an invariant extended Kalman filter 10/06/2021 4



|. INTRODUCTION

STATE OF THE ART
NAVIGATION SOLUTIONS

PROJECTILE
m) GNSS/INS INTEGRATION

GROUND VEHICLE: inertial navigation solution

m) DEAD RECKONING

Discrepancy in estimates due to accumulations of sensor errors

m) KALMAN FILTER
EXTENDED KALMAN FILTERS

Filter convergence not guaranteed

GNSS DENIED> INERTIAL NAVIGATION SOLUTION

INVARIANT EXTENDED KALMAN FILTER

IMPERFECT R-IEKF

[ Invariant observer defined on a Lie group J
( } )
Invariant estimation error
\_ l W,
( )
Convergent nonlinear observer
\_ W,

[1] Paul D Groves. Principles of gnss, inertial, and multisensor integrated navigation systems, 2015.
[2] Axel Barrau. Non-linear state error based extended Kalman filters with applications to navigation, 2015.
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ALGORITHM

ALGORITHM FOR ESTIMATING THE PROJECTILE TRAJECTORY IN THE NAVIGATION FRAME

POSITION
[ ACCELEROMETERS RIGHT INVARIANT EXTENDED VELOCITY
\ KALMAN FILTER EULER ANGLES
! GYROMETERS ACCELEROMETER BIAS
~ R-IEKF GYROMETER BIAS

MAGNETOMETERS BIAS

{ MAGNETOMETERS J
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ALGORITHM

ALGORITHM FOR ESTIMATING THE PROJECTILE TRAJECTORY IN THE NAVIGATION FRAME

POSITION
.
JUS— RIGHT INVARIANT EXTENDED  SeRRVSpere
\ KALMAN FILTER EULER ANGLES
.
GYROMETERS ACCELEROMETER BIAS
~ R-IEKF GYROMETER BIAS
MAGNETOMETERS BIAS
MEASUREMENT NOISE COVARIANCE MATRIX
Matrix adapted to the different
phases of the projectile flight
{ MAGNETOMETERS CNN

CNN: Convolutional Neural Networks
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Il. INVARIANT EXTENDED KALMAN FILTER: IEKF

Il. INVARIANT EXTENDED KALMAN
FILTER: IEKF

1. Introduction

2. Right-invariant extended Kalman filter with IMU measurements only

Alicia ROUX CNN networks for state estimation: application to the estimation of projectile trajectory with an invariant extended Kalman filter 10/06/2021 6



INTRODUCTION

/i

PREDICTION STEP { UPDATE STEP

[3] Axel Barrau, Silvére Bonnabel. The invariant extended kalman filter as a stable observer, 2016.
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INTRODUCTION

Let G € R™" be a Lie group whose
associated algebra is denoted by g. I
Let the system be defined on a Lie

group G such as:
PREDICTION STEP { UPDATE STEP

d
axt = fut(xt) + X w,

With X, € G, w, € g.

[3] Axel Barrau, Silvére Bonnabel. The invariant extended kalman filter as a stable observer, 2016.
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INTRODUCTION

OBSERVATIONS
SYSTEM
. Right invariant observation:
Let G € R™" be a Lie group whose K “1/ a4k k k
associated algebra is denoted by g. I Ye,” = X¢ (d t V") + By
Left invariant observation:
E Y, ¥ =x,(d*+ BX) + vk

Let the system be defined on a Lie

group G such as:
PREDICTION STEP < UPDATE STEP
d
=Xt = [fu,(Xp) + Xew,
dt t F
With X, € G, w, € g.
R-IEKF: Right-Invariant Extended Kalman Filter
L-IEKF: Left-Invariant Extended Kalman Filter [3] Axel Barrau, Silvére Bonnabel. The invariant extended kalman filter as a stable observer, 2016.

Alicia ROUX CNN networks for state estimation: application to the estimation of projectile trajectory with an invariant extended Kalman filter 10/06/2021 7



Il. INVARIANT EXTENDED KALMAN FILTER: IEKF

INTRODUCTION

SYSTEM

Let G € R™" be a Lie group whose
associated algebra is denoted by g.

/i

PREDICTION STEP K
F

Let the system be defined on a Lie
group G such as:

d
axt = fu,(Xp) + Xw,

With X, € G, w, € g.

R-IEKF: Right-Invariant Extended Kalman Filter
L-IEKF: Left-Invariant Extended Kalman Filter

OBSERVATIONS

Right invariant observation:
Y, “= x,7"(d*+ vk) + Bk

Left invariant observation:
Y, * =x.,(d*+ BX)+ vk

UPDATE STEP

INVARIANT ERROR

Right invariant error:
~ -1
R _
N = XX,
Left invariant error:
1<
77tL X "X

[3] Axel Barrau, Silvére Bonnabel. The invariant extended kalman filter as a stable observer, 2016.
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Il. INVARIANT EXTENDED KALMAN FILTER: IEKF

INTRODUCTION

SYSTEM

Let the system be defined on a Lie group G such as:
d
Ext = fu,(Xp) + X w,

Prediction step similar to an EKF With X; € G,w; € g.

STATE PREDICTION

PREDICTION STEP System is group affine, then the error ij‘ct = fu (jt)
dynamics are independent of state dt '

COVARIANCE MATRIX PREDICTION

d ~ Q covariance matrix of the
—P,= AP, + PA" + t
dt tht Lt Q: modified process noise

) d ~
(log-linear property) : n; = exp(&;) EQ = A& + W,

[3] Axel Barrau, Silvére Bonnabel. The invariant extended kalman filter as a stable observer, 2016.
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Il. INVARIANT EXTENDED KALMAN FILTER: IEKF

INTRODUCTION

KALMAN MATR'X Observation matrix Hidetermined from observations and linearized error &;

_ T T | 5\ 1 _
Ky = Pk|k—1Hk (Hkpk|k—1Hk + Nk) N}, covariance matrix of the modified measurement noise

UPDATE ESTIMATES

UPDATE STEP L-IEKF R-IEKF
fk“{—l_lytkl - dl ~ ﬁklk_lytkl o dl —~
Xite = Xeie_1exp | K Xik = exp| K| X |k-1
klk klk=1€XP | Br| ) Tt Vo™ — d"
Xijk—1  Yg, ' — d™ le=1 "tk

COVARIANCE MATRIX UPDATE
Prie = (I — Ky Hy ) Prejie—1

[3] Axel Barrau, Silvére Bonnabel. The invariant extended kalman filter as a stable observer, 2016.
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Il. INVARIANT EXTENDED KALMAN FILTER: IEKF

RIGHT-INVARIANT EXTENDED KALMAN FILTER
WITH IMU MEASUREMENTS ONLY

(
IMU
Wp
NOISY GYROMETERS >
5, J
NOISY ACCELEROMETERS
NOISY MAGNETOMETERS

. J

fg=Rm+thL

R-IEKF

INERTIAL NAVIGATION EQUATIONS
R = R[ab - bw - Ww]x
v=R(@ —bg—W,)+g

p=v

.

bw =S wa
ba = Wba
bH =S WbH

~\

=p Projectile position py
=» Projectile velocity vy
= Projectile Euler angles (roll ¢k, pitch Ok, yaw Py k)

=» Accelerometer bias bak|k

= Gyrometer bias bwk|k

=P agnetometers bias kaIk

IMU: Inertial Measurement Unit
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[1l. CONVOLUTIONAL NEURAL
NETWORKS

1. Generalities
2. Network structure
3. Dataset
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GENERALITIES

GOAL: Estimate the measurement noise covariance matrix

=  Matrix variable over time
= Adapted to the different phases of the projectile flight

[4] Martin Brossard. Deep learning, Inertial Measurements Units, and Odometry : Some Modern Prototyping Techniques for Navigation Based on Multi-Sensor Fusion, 2020.
-
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lll. CONVOLUTIONAL NEURAL NETWORKS

GENERALITIES

GOAL: Estimate the measurement noise covariance matrix

=  Matrix variable over time
= Adapted to the different phases of the projectile flight

MAGNETOMETER READINGS MEASUREMENT NOISE
IN THE PROJECTILE FRAME COVARIANCE MATRIX

( ) ( )
o,k 0 0
MAGNETOMETERS Tk s
gy
Vi 0 0 g}t
\ J \_ J

[4] Martin Brossard. Deep learning, Inertial Measurements Units, and Odometry : Some Modern Prototyping Techniques for Navigation Based on Multi-Sensor Fusion, 2020.
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NETWORK STRUCTURE

C C C C
o) o) o) o)
N N \ \
Y Y Y Y L
o) o) 0 0 '
L L L L N
U U U U E
T T T T A
| | | | R
o) o) o) o)
N N N N
OPTIMIZATION ALGORITHM LEARNING RATE EPOCH LOSS FUNCTION
ADAM 1073 10 MEAN SQUARED ERROR
Iy, = (xn - yn)z
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DATASET

ISL DATASET (BALCO)

. 8000 mortar fire simulations
= One simulation = 36000 datas

Measurement Frame Additive noise
Accelerometers d, Projectile frame b Gaussian white noise
Gyrometers @y Projectile frame b Gaussian white noise
Magnetometers Projectile frame b Gaussian white noise
Hy
Reference Navigation frame n

magnetic field H,

Position B, Navigation frame n
Velocity 1, Navigation frame n
Euler angles : Navigation frame n
roll ¢, pitch 6, yaw
Y
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lll. CONVOLUTIONAL NEURAL NETWORKS

DATASET

ISL DATASET (BALCO) COMPUTER SPECIFICATIONS

Operating System (Linux Ubuntu 18.04.4 LTS)
Memory (31 GB)

Processor (Intel®Xeon (R))

Graphics card (NVIDIA QUADRO RTX 5000).

. 8000 mortar fire simulations
= One simulation = 36000 datas

Measurement Frame Additive noise TRAIN'NG DATASET
Accelerometers @,  Projectile frame b Gaussian white noise . _ . 850 <
200 mortar fire simulations
Gyrometers @y Projectile frame b Gaussian white noise 800
Magnetometers Projectile frame b Gaussian white noise 750
Hy
TEST DATASET
Reference Navigation frame n .
magnetic field H,, 20 mortar fire simulations § 6501
Position P, Navigation frame n 600
Velocity 1, Navigation frame n 3507
Euler angles : Navigation frame n 2007
roll ¢, pitch 6, yaw | | | | |
l/) 2 4 6 8 10
Epoch

Figl. Loss evolution during training
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—— Trajectoire CST
—— Trajectoire CNN
- == Trajectoire REF

V. VALIDATION

1. Estimation results
2. Test dataset: analysis
3. Test dataset: error precision
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IV. VALIDATION

ESTIMATION RESULTS
POSITION ESTIMATION

Estimated position along x-axis

3000 4
— 2000 H
E
1000 +
D -
T T T T T T T T
] 5 10 15 20 25 30 35
Estimated position along y-axis
100 4 —m0 o p L
Vo Dead Reckoning: R-IEKF prediction step
_ =T R-IEKF without CNN
E S0 —-
D - e o ———
T T T T T T T T
il 5 10 15 20 25 30 35
Estimated position along z-axis
D .
pzf.\.\l
=300 4 Presr
E == Pzax
-1000 —p

time [s]

Position errors along x-axis: Ep, = Dx — Pxprye
E ,,
10 - Prnn #’
-
Epsr _-’.‘
E 54 £ -
e mm— =SS i m e ————
0+ L & 3 3 3 B T ==
T T T | | ] — |
5 10 15 20 75 0 35
Position errors along y-axis: €py = Dy ~ Pyrrye
£ ’,.
100 4 Prcas f‘l’
Epyar _,.-"‘
E‘ 50+ Epse #’#_,"'
_--—-==---"-.'=":::'-_"'-_-__-—---__
B _I.-_ I - : ! T T T
5 10 15 20 75 0 35
Position errors along z-axis: &, = Dz — Pzrrue
10 Epom ,’,
- Epas ,,,""
E 54 £oss .t
———— _--::::—.—-———————-
04 = Emm—=—=——==S"=E==
T T T T ! ] |
5 10 15 20 75 0 35

time [5]
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IV. VALIDATION

ESTIMATION RESULTS
VELOCITY ESTIMATION

Estimated velocity along x-axis Velocity errors along x-axis: &, = Uy — Vxr,,,
120 2 £y pra
f.f
110 4 _ —-—— Ey, L~
@ LU =
£ 100 E7 | =7 & -7
%0 - I L
Dq em———— ———— T e e e oo
a0 - T T T T T T T T T T T T T T T T
0 5 10 15 20 25 30 35 o 5 10 15 20 25 30 35
Estimated velocity along y-axis Velocity errors along y-axis: &,, = Uy — vy,
- -
— Vi ’r" Evyom P -
04 __. Yy _‘.a-"' 0+ . P .--"#
—_ \CaT - - s -
@ - 4 -
E 5 — VY?EF _'__,..-"'-‘ E 5 -1 El"‘.m ____..-""
—— V}r‘;z _._'__.._—-"'-'---F-- -.-__---_..--P-—
04 |..-.'===-_!!!!!| T 0 - e e e e e e e L T g ——
T T T T T T T T T T T T T T T T
] 5 10 15 20 25 a0 35 o 5 10 15 20 25 EH 35
Estimated velocity along z-axis Velocity errors along z-axis: &,, = Uy = Vg,
2 E"'-‘-ﬂu. "'/
-
&
=-9" Elr':.;v- -
E. E 1 ] l EVJ“ -“."-
o e *———--‘mﬂ;;“m
T T T T T T T T T T T T T T T T
0 5 10 15 20 25 30 ko ] 5 10 15 20 25 30 35
time [s] time [s]
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IV. VALIDATION

ESTIMATION RESULTS
FULER ANGLES ESTIMATION

Estimated roll angle

Roll errors: £y = ¢ — Prrye

3 | = dow . FEEN | 10 4 ——
5 ~ R | ({ARANARARS ) =T
0 UG 05 S
2 ==- rer e bR g
2 4 —- ¢DR | ¥ i 4 |
R 0.0 4 R A S — EEE E—— L e T Y S
T T T T T T T T T T T T T T T T
0 5 10 15 i) Pl n 3 0 5 10 15 0 x £l S
Pitch errors: g = 0 — Orpye
10
02 i
. —_— O \”\a;\
' - g AN
— — B aps
= 00 20l H\r-
£ £ —=- Loy LNt
= L
-0.5 o \f\’“pd-\/\f\.
-10 00 1 BAAVAAAAAAMAAAAALANIAAT RS A GAP AP LRGAIPLAIAPLPLRPENNNNPP P
T T T T T T T T T T T T T T T T
0 5 10 15 i) Pl n 3 0 5 10 15 0 pid 0 £
Estimated yaw angle Yaw errors: &y = — Prrye
0.00 4 v I P ——— R 0.00 4 e ——— PR N St e e gt et o T
Hni—‘-d"‘"‘-ﬁ-u. u-u--u*'h-‘ﬁ'_-
— - T
-0.25 Yoo SR _ 025 — g =~
=) - == West = T SEeaa
B 050 4 ve e B 050 4 === g .
- =" Waer S—— 075 Rl
4 m b, 075 4 =—- — -
075 4 o v o »\\“““. Eyon S
-1.00 T T T T T T T T -1.00 T T T T T T T T
0 5 10 15 20 Pl 0 35 0 5 10 15 0 P 0 i
time [s] time [s]
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IV. VALIDATION

[m]
XRcst

MSE,

PyRest [m)

MSE.

PzRest [m]

MSE

TEST DATASET: ANALYSIS

POSITION

Position errors along x-axis: (MSE,, ,MSE, )
XCNN XRconstant
80
60 *  CNN BETTER
40 *
" Rcst BETTER
1.
4] T T ad T T T T T
4] 10 20 30 Bl 50 60 70 80
MSpr [m]
Position errors along y-axis: (MSE,, ,MSE, )
YCNN YRconstant
60 *
40 - =
e L
204 . *
0 * . . . . .
o] 10 20 30 40 50 60 70
MSEp [m]
YCNN
Position errors along z-axis: (MSE,, , MSE,, )
ZCNN ZRconstant
200 - -
100 ¥
o
0 * : r . r r
50 100 150 200 250

Alicia ROUX
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IV. VALIDATION

TEST DATASET: ANALYSIS

POSITION

ere . N=20 simu
Position errors along x-axis: (MSE,, ,MSE, )
XCNN XRconstant MSE ..
o ERROR ANALYSIS 2 simu
=_ 601 *  _CNN BETTER K
3 . 5000 7000 10000
& 40 1
L Rcst BETTER 6000
Y 209 4000 8000
= L= L . | . . . 5000
10 20 ﬁ%prCNN!l?m] 50 60 70 80 3000 4000 6000
- avice 3000
Position errors along y-axis: (MSE,,yCNN, MSEpyRmsmm) 2000 4000
E 60 * 2000
% . 1000 1000 2000
]
an‘ 204 «* ’ O 0 0
S * Px Py Pz
0 T T T T T T
10 20 30 40 50 60 70
MSEPyCNN [m] I RCNN
Position errors along z-axis: (MSE,, , MSE,, ) Rconstant
ZCNN ZRconstant
i : DR
_ﬁ 200 *
ng' 100
%)
2 o
° 50 100 150 200 250
MSEpoNN [m]
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IV. VALIDATION

TEST DATASET: ANALYSIS

POSITION

.. . N=20 simu
Position errors along x-axis: (MSE,, ,MSE, )
XCNN XRconstant MSE..
o ERROR ANALYSIS Z simu
=_ 601 *  _CNN BETTER K
3 . 5000 7000 10000
& 40 1
L Rcst BETTER 6000
Y 209 4000 8000
= L= L . | . . . 5000
4] 10 20 ﬁl?sprCNNfl?m] 50 60 70 80 3000 4000 6000
Position errors along y-axis: (MSE MSE ) 2000 3000 4000
Pycnn’ Pygconstant
E 60 * 2000
% . 1000 1000 2000
[
an‘ 204 «* ’ O 0 0
= . Px Py Pz
0 T T T T T T
o] 10 20 30 40 50 60 70
MSEPJ/CNN (m] ] RCNN SCORE : MSECNN > MSECST
Position errors along z-axis: (MSE,, MsE,, ) | Reonstanc | p, | R :
ZCNN ZRconstant
i : DR
. 200 *
R Py ;
ng' 100
= | Pz 1
° 0 SID lCI'O 150 2[I)O 250
MSEp, gy 0 2 4 6 8 10 12 14 16 18 20
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IV. VALIDATION

TEST DATASET: ANALYSIS
VELOCITY

Velocity errors along x-axis: (MSE,, ,MSE,, )
XCNN XRconstant
_ 15 "
£
5 10 CNN BETTER
[24
& 5 Rcst BETTER
A e
= ke
0 2 a 6 8 10 12 14
MSvaCNN [m/s]
. Velocity errors along y-axis: (MSE,,yCNN, MSE,,yRmsmnt)
£
g ‘1. *
o *
) *
Lu:
%] * *
2 e
1 2 3 4II 5 5]
MSEVYCNN [m/s]
Velocity errors along z-axis: (MSE,, ,MSE, )
ZCNN ZRconstant
£
S *
o .
= +
1 2 3 a 5 6
MSEpoNN [m/s]
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IV. VALIDATION

TEST DATASET: ANALYSIS
VELOCITY

. . N=20 simu
Velocity errors along x-axis: (MSE”xCNN' MSE,, t) MSE
g " ' ERROR ANALYSIS Z simuj
E k
g 107 CNN BETTER 100 600 120
[24
& Rcst BETTER
§ * 1 80 500 100
°% ; P p 3 10 12 s 400 80
MSEVXCNN [m/s] 60
. . 300 60
. Velocity errors along y-axis: (MSE,,yCNN, MSE,,yRmsmnt) 40 500 20
E
_§ . 20 100 20
= * o .
Lu:f’ 0 0 — 0
< v Vx Vy Vz
1 2 .I3 4 f; 6 -
MSEVYCNN (mfs] RCNN SCORE : MSECNN > MSECST
Velocity errors along z-axis: (SE,, M5k, ) | Reonstanc [y [ R :
_ ZCNN ZRconstant DR
E
6
Vy
= , Vz 1
1 2 3 4 5 6
MSEp, g ) 0 2 4 6 8 10 12 14 16 18 20
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IV. VALIDATION

TEST DATASET: ANALYSIS
FULER ANGLES

- Roll errors along x-axis: (MSE 4, ,, MSEy, ., )
§ o] CNN BETTER
g Rest BETTER
g 0.10 +
(L’u_’ 0.05 - - o - T
= 0.00 e, * f* *r ‘ . . . .
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
MSE¢CNN [rad]
Pitch errors along y-axis: (MSE,_,,, MSE,,_,. ,...)
. 0.015
g .
+£0.010 4
&
Lc/u; 0.005 -
=
0.000 T T T T
0.000 0.002 0.004 0.006 0.008

T T T
0.010 0.012 0.014

MSEGCNN [rad]

Yaw errors along z-axis: (MSEy,,,, MSEy,_.. . )
0.015

3
S
£
+ 0.010
3
=
[z} 0.005
<
0.000 T T T T T T T
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014
MSEwCNN [rad]

—— 0 0m0m0m0m0—_m0mmmmm0mmmmm0mnmnmnmnmn09n0v0nmnm%© 0949m49m9m90909090909090909090909090909090909m9m9m 0 B B B B BB BB BB BB
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IV. VALIDATION

TEST DATASET: ANALYSIS
FULER ANGLES

( ) N=20 simu
Roll errors along x-axis: (MSE_, . MSE z
CNN’ DRconstant .
_ o ERROR ANALYSIS MSE simu
& 15 CNN BETTER k
Rest BETTER 14 0,7 2
go
cL,uj 0.05 - - s 12 0,6
S P L L | | | | 10 0,5 L5
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
MSE¢CNN [rad] 8 0’4 1
Pitch errors along y-axis: (MSE,_,,, MSE,,_,. ,...) 6 0,3
0.015
5 4 0,2 05
téo.om— * 2 0,1 .
[24
LUHT 0.005 - 0 - 0 0 E—
= ROLL PITCH YAW
0.000 T T T T T T T
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014 -
MSE@CNN [rad] RCNN SCORE . MSECNN > MSECST
. R
Yaw errors along z-axis: (MSE, ., ,MSEy, . ) constant ()] 17
—_ 0.015 DR
tﬁ 0.010 4 0 10
& .
)
2 0.000 T T T T T T T ¢ I
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014
MSEypcyy trac) 0 2 4 6 8 10 12 14 16 18 20
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IV. VALIDATION

TEST DATASET: ERROR PRECISION

DEAD RECKONING R-IEKF WITHOUT CNN R-IEKF WITH CNN

o o P

L (pxmax’ pJ’max’pzmax) < (5’5’5) [m] (pxmax’ pZVmax’pZmax) < (20’20’20) [m]
(pxmax' meax’pZmax) < (10'10'10) [m] - (pxmax’ pymax»pzmax) 2 (20720'20) [m]
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